In this brief review, I summarize the new development on the correspondence between noncommuative (NC) field theory and gravity, shortly referred to as the NCFT/Gravity correspondence. I elucidate why a gauge theory in NC spacetime should be a theory of gravity. A basic reason for the NCFT/Gravity correspondence is that the Λ-symmetry (or B-field transformations) in NC spacetime can be considered as a par with diffeomorphisms, which results from the Darboux theorem. This fact leads to a striking picture about gravity: Gravity can emerge from a gauge theory in NC spacetime. Gravity is then a collective phenomenon emerging from gauge fields living in fuzzy spacetime.
Introduction
Gravity is a mysterious force: It is the weakest force in Nature, but acts over great distances and is always attractive. Therefore gravity is the final force to determine the evolution of our Universe and is the origin causing strange phenomena, e.g., black holes, in massive astronomical objects. The special and the general relativity more mystify the gravity. According to the theory of relativity, the space and the time are not independent concepts but a single entity, the so-called spacetime and the matter and the energy can be transformed into each other. These facts lead to a remarkable consequence through the equivalence principle in general relativity that gravitation arises out of the dynamics of spacetime being curved by the presence of energy. So the gravity is quite different from the electromagnetic force, the weak, and the strong nuclear forces, that are all gauge theories regarding the spacetime as a background.
The origin of gravity as well as the quantum gravity, i.e., the consistent dynamics of spacetime at a microscopic world, are still out of reach. Fortunately, the string theory which has been recently developed greatly provides us a consistent theory of quantum gravity and reveals a remarkable and radical new picture about gravity.
For recent reviews, see, for example, Refs. [1] [2] [3] . String theory implies that gravity may be not a fundamental force but a collective phenomenon emerging from gauge theories such as a large N Yang-Mills theory.
The general principle of quantum mechanics implies that the structure of spacetime at a microscopic scale, e.g., the Planck scale, is radically different from the continuous and commutative spacetime familiar with our everyday life. Rather the spacetime at the Planck scale is described by noncommutative (NC) geometry, in other words, a fuzzy spacetime like the quantum mechanical world. Quantum mechanics, which is the formulation of mechanics in NC phase space ( -deformation), has revolutionarily changed classical physics, while NC field theory, which is the formulation of field theory in NC spacetime (θ-deformation), disappointingly has not revealed such a revolutionary change up to now. For reviews on NC field theory, see
Refs. [4, 5] . Is the NC field theory a boring generalization or seeding an unexplored revolution ?
I hope this review serves to reveal a revolutionary seed in NC field theory, which has not been well appreciated, maybe, partially due to a deep reluctance of physicists about NC field theory. (See the Introduction in Ref. [4] for a comment about this socialogical tendency.) Throughout the recent works 6,7,8,9 , we have arrived at a new understanding about the origin of gravity. According to our results, the gravity is a collective phenomenon emerging from electromagnetism in NC spacetime, consistent with the picture also implied by string theory 2 . It suggests that gravity is just the electromagnetism at the Planck scale (as a typical scale where noncommutativity starts to work). That is, the gravity and the electromagnetism at the Planck scale are not independent forces but become an identical reality in the NC spacetime. This is a completely new picture about the gravitation. We expect that this picture will greatly promote our understanding about the quantum nature of spacetime.
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Musing in Noncommutative Spacetime
In order to provide a background for the correspondence between NC field theory and gravity, shortly referred to as the NCFT/Gravity correspondence, first I would like to present marked evidences strongly indicating that NC field theories could be a theory of gravity. In my opinion, this important physics has not been in a concrete form although certain evidences are ubiquitous from recent developments in string theory. See Ref. [10] for a recent review along this line. And then I briefly recapitulate the result in Ref. [9] , showing that NC electromagnetism should be a theory of gravity. I will have minimal references in this review, but see Ref. [9] for extensive literatures.
A NC spacetime is obtained by introducing a symplectic structure B = 1 2 B µν dy µ ∧ dy ν and then by quantizing the spacetime with its Poisson structure θ µν ≡ (B −1 ) µν , treating it as a quantum phase space. That is, for f, g ∈ C ∞ (M ), One can regard M mn in (2.7) as components of an N × N matrix M in the N → ∞ limit. More generally one may replace NC IR 2 by a Riemann surface Σ g of genus g which can be quantized via deformation quantization 17 . For a compact Riemann surface Σ g with finite area A(Σ g ), the matrix representation can be finitedimensional. In this case, A(Σ g ) ∼ θN but we simply take the limit N → ∞. We then arrive at the well-known relation:
If φ is a real scalar field, then M should be a Hermitian matrix. I argued in Ref. [9] that the above relation (2.8) has far-reaching applications to string theory.
The matrix representation (2.7) clarifies why NC U (1) gauge theory is a large N gauge theory. An important point is that the NC gauge symmetry acts as unitary
, which is rather obvious in the matrix basis (2.6). Therefore the NC gauge In particular, let us consider the NC electromagnetism in the background independent formulation 28,29 since it is equivalent to the bosonic part of the IKKT matrix model at large N limit. The action for this case where B µν = (1/θ) µν is given by
where we made a replacement 1
Pfθ ↔ Tr H using the Weyl-Moyal map 4,5 . The covariant and background-independent coordinates x µ are defined by 29,30
and they are now regarded as operators on H which is the representation space of the Heisenberg algebra (2.3). The NC gauge symmetry U cpt (H) in Eq.(2.10) then acts as unitary transformations on H, i.e., [8, 9] to as the emergent gravity.
In order to understand the origin of the emergent gravity, one has to identify the origin of diffeomorphism symmetry, which is the underlying local symmetry of gravity. It turned out 9 that the emergent gravity is deeply related to symplectic geometry in sharp contrast to Riemannian geometry. It can be shown 31 that the emergent gravity is in general the generalized complex geometry 32,33 and can be identified with the NC gravity 13,14 after full NC deformations.
The following intrinsic properties in the symplectic geometry 34 are crucial to understand the origin of the emergent gravity.
Symplectic manifold: A symplectic structure on a smooth manifold M is a non-degenerate, closed 2-form ω ∈ Λ 2 (M ). The pair (M, ω) is called a symplectic manifold. In classical mechanics, the basic symplectic manifold is the phase space of N -particle system with ω = dq i ∧ dp i .
Darboux theorem: Locally, (M, ω) ∼ = ( I C n , dq i ∧ dp i ). That is, every 2ndimensional symplectic manifold can always be made to look locally like the linear symplectic space I C n with its canonical symplectic form -Darboux coordinates. This implies that, given two-forms ω and ω ′ such that
In local coordinates, it is possible to find a coordinate transformation φ whose pullback maps
The Darboux theorem leads to an important consequence on the low energy dynamics of D-branes in the presence of a background B-field. For a Dp-brane in arbitrary background fields, the low energy dynamics is described by the Dirac-Born-Infeld (DBI) action 35,36 given by
where κ ≡ 2πα ′ , the size of a string, is a unique expansion parameter to control , it describes a generalized geometry 32,33 which continuously interpolates between a symplectic geometry (|κBg −1 | ≫ 1) and a Riemannian geometry (|κBg −1 | ≪ 1). The decoupling limit considered in Ref. [28] corresponds to the former. The symmetry (2.15) corresponds to B-field transformations in Refs. [32, 33] .
given by I refer Ref. [9] for more details. 
Deformation Quantization and Seiberg-Witten Map
It was shown in Ref. we change coordinates, we obtain a gauge equivalent star product.
Note that the gauge equivalence (3.1) is defined up to the following inner automorphism 38,39
or its infinitesimal version is
The above similarity transformation definitely does not change star products. The inner automorphism (3.2) is equivalent to the NC gauge transformation (2.12), which is the quantum deformation of Eq.(2.16).
In summary, the Λ-symmetry (2.15) (see the footnote 1) is realized as the gauge equivalence (3.1) between star products and the U (1) gauge symmetry appears as the inner automorphism (3.2), which is the NC U (1) gauge symmetry.
If we make an arbitrary change of coordinates, y µ → x µ (y), in the Moyal ⋆- This was explicitly checked by Zotov in Ref. [40] and he obtained the deformation quantization formula up to the third order.
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The equivalence (3.1) under the change of coordinates, y µ → x µ (y), immediately leads to the exact Seiberg-Witten (SW) map 9
where the left hand side is the Moyal product (2.2) and the new Poisson structure is given by
(3.5)
The explicit expressions of D( ) and α µν are given in the Refs. [9, 40] . Thus the exact SW map can be found by either Eq. as was done up to O( 2 ) in Ref. [40] .
Incidently, we would like to point out that the gauge equivalence (3.1) between star products is an equivalent statement with the SW equivalence 28 between commutative and NC DBI actions, in general, including derivative corrections too, as was explained in Ref. [9] . See also Refs. [38, 39] .
Noncommutative Instantons and Twistor Space
The NCFT/Gravity correspondence claimed in section 2 can be beautifully confirmed, at least, for the self-dual sector of NC gauge theories 6,7,8,9 . It turns out that self-dual NC electromagnetism perfectly fits with the twistor space describing curved self-dual spacetime 41,42 .
Let us consider electromagnetism in the NC spacetime defined by Eq. (2.3) . The action for the NC U (1) gauge theory in flat Euclidean IR 4 is given by
Contrary to ordinary electromagnetism, the NC U (1) gauge theory admits nonsingular instanton solutions satisfying the NC self-duality equation 43 ,
The NC gauge theory (4.1) has an equivalent dual description through the SW map in terms of ordinary gauge theory on commutative spacetime 28 . For simplicity, we will be confined to semi-classical limit, say O(θ) in Eq.(2.2), which means slowly varying fields, √ κ| ∂F F | ≪ 1, in the sense keeping field strengths (without restriction on their size) but not their derivatives. In this limit, the Moyal-Weyl commutator in Eq.(3.4) can be replaced by the Poisson bracket (2.1) and D( ) ≈ 1.
Applying the map (3.4) with (3.5), we get the exact SW map in the semi-classical limit 44,45
Using the map (4.3) together with the measure transformation 
where we introduced an effective metric g µν induced by dynamical gauge fields as follows
(4.6)
It was shown in Ref. [6] that the self-duality equation for the action S C is given by
where 
where R abcd is a curvature tensor. Let us rewrite g µν as g µν = 1 2 (δ µν + g µν ) (4.10)
and consider the line element defined by the metric g µν with θ µν = ζ 2 η 3 µν
11)
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It is easy to check 7 that σ 1 ∧ σ 2 ∧ σ 3 ∧ σ 4 = d 4 x, in other words, det g µν = 1.
We then define the triple of Kähler forms as follows,
One can easily see that
It is obvious that d ω a = 0, ∀a. This means that the metric g µν is hyper-Kähler 7 ,
which is an equivalent statement as Ricci-flat Kähler in four dimensions. Therefore the metric g µν is a gravitational instanton 47 . Eq. where the parameter t takes values in S 2 . One can easily see 8,9 that dΨ(t) = 0 due to the Bianchi identity dF = 0 and Ψ(t) ∧ Ψ(t) = 0 (4.15) since Eq.(4.15) is equivalent to the instanton equation (4.7). Since the two-form Ψ(t) is closed and degenerate, the Darboux theorem asserts that one can find a 
Eq.(4.18) can be solved by setting p i 1 = 1/2ǫ ij ∂ zj K and then Ω = i/2∂ i∂j Kdz i ∧dz j . The real-valued smooth function K is the Kähler potential of U (1) instantons 6,7 .
In terms of this Kähler two-form Ω, Eq. that is, det(∂ i∂j K) = 1.
When t is large, one can introduce another Darboux coordinates Z i (t; z i ,z i ) such that Ψ(t) = t 2 d Z 1 (t; z i ,z i ) ∧ d Z 2 (t; z i ,z i ) (4.21)
with expansion Z i (t; z,z) =z i + ∞ n=1 t −n n p i n (z,z). I argued in Ref. [9] that our approach here provides an intriguing recipe for an inhomogeneous background, for example, specified by B ′ µν (x) vac = (θ ′ −1 ) µν (x). 
